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Abstract. Let G be a compact Lie group acting effectively by isometries on 
a compact Riemannian manifold M with nonempty fixed point set Fix(M, G). 
We say that the action is fixed point homogeneous if G acts transitively on 
a normal sphere to some component of Fix(M, G), equivalently, if Fix(M, G) 
has codimension one in the orbit space of the action. We classify up to dif- 
feomorphism closed, simply connected 5-manifolds with nonnegative sectional 
curvature and an effective fixed point homogeneous isometric action of a com- 
pact Lie group. 



1. Introduction and main result 

The classification of closed Riemannian manifolds with positive or nonnegative 
(sectional) curvature is a fundamental open problem in Riemannian geometry. In 
this context, the classification of these manifolds in the presence of a non-trivial 
symmetry group can be regarded as a first step towards more general classification 
results. One is led in this way to consider positively or nonnegatively curved closed 
Riemannian manifolds with an (effective) isometric action of a compact Lie group. 
"Large" actions, interpreted in different ways (cf. [HIIH]), have received particular 
attention in the literature, e.g., p6 ] . [2]. [27 ] . [2T ] . [24 ] . [25 ] . p ^ . p ^ . [TI ] . 

Let M be a smooth manifold with an (effective) smooth action of a compact 
Lie group G. One possible measure for the size of the action G x M ^ M is 
its cohomogeneity, defined as the dimension of the orbit space M/G. Under this 
interpretation, the largest actions will be those for which dim M/G = 0, i.e., the 
action is transitive and M is a homogeneous space. If the action has fixed points, 
dim M /G is bounded below by the dimension of the fixed point set Fix(M, G) and 

dim M/G > dimFix(M, G) + 1 

for any non-trivial action. In this case the fixed point cohomogeneity of the action, 
denoted by cohomfix(M, G), is defined by 

cohomfix(M, G) = dim M/G - diniFix(M, G) - 1 > 0. 

For an action with fixed points, "large" may be interpreted as having low fixed point 
cohomogeneity. If the fixed point cohomogeneity of the action is 0, we say that the 
action is fixed point homogeneous and we say that M is a fixed point homogeneous 
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manifold (cf. [TT]). Observe that the fixed point set of a fixed point homogeneous 
action has codimension 1 in the orbit space. 

Grove and Searle TT classified closed (Riemannian) manifolds with positive 
curvature and a fixed point homogeneous isometric Lie group action, along with 
the possible actions. In the simply connected case one has the following topological 
classification: 

Theorem (Grove, Searle). Any closed, simply connected fixed point homogeneous 
manifold with positive curvature is diffeomorphic to a compact rank one symmetric 
space. 

This result has been used, for example, in the classification of simply connected, 
positively curved closed manifolds of cohomogeneity one (cf. [2 H [T2 l [24 l l25j). where 
fixed point homogeneous actions arise naturally. 

The class of fixed point homogeneous manifolds with nonnegative curvature prop- 
erly contains the collection of compact rank one symmetric spaces. Indeed, given 
a nonnegatively curved manifold M and a positively curved compact rank one 
symmetric space N with an isometric fixed point homogeneous G-action, one may 
construct a nonnegatively curved fixed point homogeneous G-manifold by taking 
the product AI x N equipped with the product metric and letting G act trivially 
on M and fixed point homogeneously on N. It follows, in particular, that any 
nonnegatively curved manifold may occur as a fixed point set component of a fixed 
point homogeneous action. 

As the paragraph above illustrates, the general classification of closed fixed point 
homogeneous manifolds with nonnegative curvature is a difficult problem. Never- 
theless, in dimensions at most 5, where fixed point set components have dimension 
at most 3, a complete topological classification can be given in the simply connected 
case. In dimensions 4 and below the topological classification was carried out in [6]. 
In this paper we address the topological classification in dimension 5. Our main 
result is the following theorem. 

Main Theorem. Let be a closed, simply connected ^-dimensional nonnega- 
tively curved fixed point homogeneous G-manifold. Then G is S0(5), S0(4), SU(2), 
SO (3) or and we have the following classification. 

(a) IfG = S0(5), S0(4) or SU(2), then Af' is diffeomorphic to S^. 

(b) If G ~ S0(3) or S^, then is diffeomorphic to §^ or to one of the two 
bundles over with fiber S'^ . 

Observe that the list of fixed point homogeneous 5-manifolds in the Main The- 
orem contains every known closed, simply connected 5-manifold of nonnegative 
sectional curvature except for the Wu manifold SU(3)/SO(3). 

We prove the Main Theorem in Section [H after recalling some basic facts about 
group actions and Alexandrov spaces in Section[2j To prove the theorem we proceed 
as follows. When G is one of S0(5), S0(4), SU(2) or S0(3) the resuh follows easily 
from classification results in the literature. When G is S^ there are no general 
topological classification results for closed simply connected 5-manifolds with a 
smooth circle action (see |16j . though). In our case, the hypothesis of nonnegative 
curvature allows us to show, by looking at the orbit space structure, that 
decomposes as a union of two disc bundles over smooth submanifolds of M^, one 
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of which is a 3-dimensional component of Fix(Af'^, S^). This in turn allows us to 
show, after some work, that H2{M^,'Z) is either or Z, whence the conclusion 
follows from the Barden-Smale classification of smooth, closed simply connected 
5-mamfolds [ll[23]. 

Acknowledgments. The authors would like to thank Burkhard Wilking for helpful 
conversations. The second named author would like to thank Karsten Grove for 
numerous conversations on fixed point homogeneous manifolds. 

2. Preliminaries 

In this section we will recall some basic facts and fix notation. We will consider 
all manifolds to be smooth and closed, i.e., compact and without boundary, and 
all actions will be assumed to be smooth and effective, unless stated otherwise. 
We will write M = to denote that two manifolds, M and N, are diffeomorphic. 
Similarly, when two groups, G and H , are isomorphic, we will write G ^ H. 

Let G be a Lie group acting (on the left) on a smooth manifold M. We denote 
by Gx the isotropy group at x g M and by Ga; the orbit of x. We will denote the 
fixed point set of the action by Fix(M, G) and define its dimension as 

dim(Fix(M, G)) = max{ dim(7V) : is a component of Fix(A/, G) }. 

Given a subset A C M, we will denote its image in M/G under the orbit projection 
map TT : Af — >■ M/G by A*. Following this notation, we will denote the orbit space 
of the action G x M M by M*, and a point in M* wih be denoted by p*, 
coressponding to the orbit Gp. We recall the well-known fact that the orbit space 
of a Lie group action on a simply connected manifold is simply connected (cf. [3], 
Ch. 4). 

Recall that a finite dimensional length space {X, dist) is an Alexandrov space if 
it has curvature bounded from below (cf. 14 ). When Af is a complete, connected 
Riemannian manifold and G is a compact Lie group acting on M by isometrics, the 
orbit space M* is equipped with the orbital distance metric induced from Af, i.e., 
the distance between p* and q* in A/* is the distance between the orbits Gp and Gq 
as subsets of M . If, in addition, M has sectional curvature bounded below, that is, 
secM > k, then the orbit space M* is an Alexandrov space with curvAf* > k. 

The space of directions of a general Alexandrov space at a point x is by definition 
the completion of the space of geodesic directions at x. In the case of orbit spaces 
M* = M/G, the space of directions Sp* Af* at a point p* e M* consists of geodesic 
directions and is isometric to 

Sp /Gp, 

where Sp is the unit normal sphere to the orbit Gp at p S M. 

When M is a nonnegatively curved, fixed point homogeneous, Riemannian G- 
manifold, the orbit space M* is a nonnegatively curved Alexandrov space and dM* 
contains a component F of Fix(Af, G). Let C* C M* denote the set at maximal 
distance from F* C dM* and let C = 7r~^(C*). It follows from the Soul Theorem 
for orbit spaces (cf. [51 E]) that M can be written as the union of neighborhoods 
D{F) and D{C) along their common boundary E, i.e., 

M = D{F) Ue D{C). 

In particular, when C is another fixed point set component with maximal dimension, 
the Double Soul theorem in [32] easily generalizes to the following. 
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Double Soul Theorem 2.1 (Searle, Yang). Let M be a nonnegatively curved fixed- 
point homogeneous Riemannian G-manifold with principal isotropy H. //Fix(M, G) 
contains at least two components F, N with maximal dimension, one of which is 
compact, then F and N are isometric and M is diffeomorphic to an §>''^^ -bundle 
over F, where S'^ = G/H. 

3. Proof of the Main Theorem 

We have divided the proof into four parts, corresponding to the cohomogeneity 
of the action. 

Let be a simply connected nonnegatively curved fixed point homogeneous 
5- manifold. Let be a normal sphere to a component of Fix(M^, G) with maxi- 
mal dimension. We have 1 < < 4 and the cohomogeneity of the action is 5 — fc. 
It suffices to consider (cf. [TT]) the following pairs (G, H) of Lie groups G acting 
transitively with principal isotropy H on S'^, 1 < fc < 4. 



(SO(5),SO(4)), 


if fc 


= 4; 


(SU(2),SU(1)) or (SO(4),SO(3)), 


if fc 


= 3; 


(SO(3),SO(2)), 


if fc 


= 2; 


(SM), 


if fc 


= 1. 



3.1. Cohomogeneity 1. By work of Hoelscher [15], a simply connected 5-manifold 
with a cohomogeneity one action must be diffeomorphic to S^, the Wu manifold 
SU(3)/SO(3) or to one of the two S^-bundles over S^. Each manifold in this list 
admits a metric with nonnegative curvature invariant under the cohomogeneity 
one action. In the fixed point homogeneous case it was shown in [11] that is 
equivariantly diffeomorphic to §^ equipped with a linear action. We point out that, 
more generally and without any curvature assumptions, a closed, simply connected 
manifold with a fixed point homogeneous action of cohomogeneity one must be 
equivariantly diffeomorphic to a compact rank one symmetric space equipped with 
one of the isometric actions described in [15] (see also [Tl]). 

3.2. Cohomogeneity 2. We will show, more generally, that a simply connected, 
fixed point homogeneous n-manifold M" of cohomogeneity two is diffeomorphic to 
S". This will be a consequence of the following result (cf. Bredon [3] Chapter 4). 
Here we denote the set of singular orbits by B, the set of exceptional orbits by E, 
and the set of special exceptional orbits by SE. 

Lemma 3.1. Let M be a smooth compact manifold with a smooth action of a 
compact connected Lie group. 

(a) //i7i(Af, Z2) = and a principal orbit is connected, then SE = 0. 

(b) If the action has cohomogeneity two, then the orbit space M* is a 2-manifold 
and dM* = B* u'SE* . 

(c) If the action has cohomogeneity two, iJi(A/, Z) = and there are singular 
orbits, then E* = and M* is a 2-disc with boundary B* . 
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It follows from Lemma [3. II that the orbit space M* is a 2-disc whose boundary 
consists of fixed points and its interior consists of principal orbits. It then follows 
from [11 that A/" is diffeomorphic to Thus we have the following proposition. 

Proposition 3.2 (Cohomogeneity two classification). A closed, simply connected 
n-manifold with a fixed point homogeneous action of cohomogeneity two is diffeo- 
morphic to 

3.3. Cohomogeneity 3. Since is simply connected, it follows from Lemma [5TT] 
that the only orbit types are fixed points and principal orbits. In this case the or- 
bit space M* is a simply connected 3- manifold with a boundary component F^, 
corresponding to a fixed point set component with maximal dimension. Suppose 
first that there are no other fixed point set components. Observe that, by Perel- 
man's resolution of the Poincare Conjecture [HI HI], is diffeomorphic to It 
follows from [11] that is diffeomorphic to If there is a second 3-dimensional 
fixed point set component, it follows from the Double Soul Theorem 12.11 that 

is diffeomorphic to one of the two S"^ bundles over 

3.4. Cohomogeneity 4. In this case (G,H) = (S^, 1). The orbit space M* is a 4- 
dimensional, simply connected nonnegatively curved Alexandrov space. Fixed point 
set components are 3- or 1-dimensional totally geodesic closed submanifolds of 
and, by Lemma |3. 11 there are no special exceptional orbits. There may be excep- 
tional orbits with finite isotropy Ik for some fc > 2, and each connected component 
A of Fix(M, Zfe) is a totally geodesic submanifold of of even codimension. Hence 
the projection A* of A in the orbit space M* is either 2-dimensional or an isolated 
point. We will say that a neighborhood U* of an isolated point p* G M* with 
non-trivial isotropy is a regular neighborhood if U \{p} consists only of principal 
orbits. 

Let F* be a component of maximal dimension of Fix(Af, S^), and hence a com- 
ponent of dM* . We let C* be the set at maximal distance from F* in the orbit 
space M* . We have < dimC* < 3. Recall that, by the Soul Theorem for orbit 
spaces, dist(_F*, •) is concave and M* deformation retracts onto C* . Moreover, all 
the points in M* \ [F* U C*} correspond to principal orbits (cf. [lO] ITT]). 

The following result from [7, will simplify our analysis when C* has dimension 
1 or 3. 

Lemma 3.3. Let M" be a closed, simply connected, nonnegatively curved manifold 
of dimension n > A with an isometric S^-action and suppose that Fix(M",S^) 
contains an (n— 2) -dimensional component F. Let C* be the set at maximal distance 
from F* in the orbit space M* . 

(a) If dimC* = n — 2, then C is fixed by the action, C* — C is isometric to 
F* — F and is simply connected. 

(b) If dim C* <n — A, then F* is simply connected. 

The following proposition yields further information on the topology of C* in 
our particular case. 
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Proposition 3.4. Let M be a closed, simply connected nonnegatively curved 5- 
manifold with a fixed point homogenous -action. 

(a) //Fix(A/, S^) contains a 1- dimensional component N, then dimC* = 2, 
N* — dC* and C* is homeomorphic to a 2-disc. 

(h) If C* contains an isolated exceptional orbit p* , then the preimage under 
the orbit projection map of an open regular neighborhood of p* in C* is a 
submanifold of M. 

(c) If dC* contains an isolated exceptional orbit p* , then Sp — Z2 and C* is 
homeomorphic to a closed interval. 

Proof. Let p* e N* = Consider the tangent cone Kp*C* of C* at p*. Since 
Kp-N* C Kp-C* is isometric to M, it follows from the Splitting Theorem for Alexan- 
drov spaces that Kp* C* is isometric to a direct product M© where W is contained 
in {iipN)/S^ and VpN denotes the normal bundle of A'' at p. There exists some orbit 
S^u C §^ C VpN wich has distance > 7r/2 to all orbits in S'^ whose corresponding 
directions are contained in W . Since S^ is acting without fixed points on S"^ it 
follows that dim W < 1 and thus dimC* < 2. Because TV* = is contained in C* 
we cannot have dimC* = 1, since M* is simply connected. Further, no shortest 
path can cross N* by Kleiner's isotropy lemma. Since N* has codimension 1 we 
see that N* C dC* and equality holds again since M* is simply connected. This 
proves (a). 

We now prove parts (b) and (c) . Let be the isotropy group of p* and let 
{S, g) be a slice at p with a metric g such that {S, g)/1ik is isometric to Brip*), the 
open ball of radius r around p* . Consider the map 

h : iS,g) -^m, d{dF*,q*). 

Let C := 7r~^(C*) n S and observe that C = {q e S : h{q) maximal}. Note that 
h is concave, so C is a locally convex subset of S and hence a submanifold of S 
with smooth interior and possibly nonsmooth boundary by the work of Cheeger and 
GromoU (see [5]). Assume now that p G dC. Since C is invariant under the action 
of Z^; on S, the space of directions SpC is invariant under the free action of on 
the unit normal sphere to S^p. Since SpC is a positively curved Alexandrov 
space, there is a unique point v G SpC at maximal distance from dTipC, and v must 
be fixed by Z^. This is a contradiction to Z^ acting freely. Therefore p € Int(C). 
After choosing a smaller r, if necessary, we have dC = 0. We then have that 
Tr~^{Br{p*)) = S^(C) is a smooth submanifold of M with empty boundary, which 
proves (b). 

To prove (c), observe that Sp.C* = T.pC/'Ek = §"/Zfc, with n = dimC* - 1 
and Zfe acting freely. Hence Ep.C* has boundary if and only if dimC* — 1 and 
A: = 2. □ 

We now show that decomposes as the union of two disc bundles. 

Proposition 3.5. Let M be a closed, simply connected nonnegatively curved 5- 
manifold with a fixed point homogenous -action and let F be a three-dimensional 
component o/Fix(M, S^). Then there exists a closed, invariant and orientable sub- 
manifold H C M with dimiJ G {1, 3} such that M is diffeomorphic to the union of 



NONNEGATIVELY CURVED FIXED POINT HOMOGENEOUS 5-MANIFOLDS 



7 



two distance tubular neighbourhoods of F and H glued together along their common 
boundary E, i.e., 

M = D{F) Ub D{H). 

Proof. First assume dimC* = 3. It follows from Lemma [3731 that C is fixed by the 
S^-action, so C* is the projection of a second fixed point component of maximal 
dimension 3. By the Double Soul Theorem we see that M* is isometric to F* x / 
for some interval / and that M is diffeomorphic to an §^ bundle over F. Since M* 
is simply connected, F must be simply connected . Furthermore, since F is totally 
geodesic, F is nonnegatively curved and it follows from Hamilton's work [T^ that 
F is diffeomorphic to S'^. Since a sphere bundle over S'^ must be trivial it follows 
that M is diffeomorphic to §^ x S^. 

Let us now assume dimC* < 2. Since all singularities apart from F* are con- 
tained in C* it is clear that F is the only fixed point component of dimension 3. 
Note first that the distance functions dc* and dc are regular on the regular parts 
of M* and M, respectively. We distinguish several cases. 

Case 1. Assume there exists a one-dimensional fixed point component S. Let 
H := C = ■n^^{C*). We will show that H is a three-dimensional closed subman- 
ifold of M. To see this first assume that there occur nonisolated singularities in 
C* wich do not correspond to fixed points. For dimensional reasons there is some 
2-dimensional singular set, K* , corresponding to a 3-dimensional fixed point com- 
ponent K of some Zfc C . Since dimC* < 2 it follows easily from Kleiner's 
isotropy lemma that C* — K*, so H = K. Hence we may assume that there occur 
only isolated singularities in the interior of C* . Let p* G S* and [v] G T,p* C* with 
Z([w], S*) = 7r/2. Choose a shortest geodesic from C* to F* starting at p* with ini- 
tial direction [w] e Y^p-C*. We have z), w G §^ C VpS and Z(S^z;, S^w) = 7r/2. Since 
S"^ acts without fixed points on S'^ C UpS it follows that S^z; and S^w are contained 
in 2-dimensional orthogonal subspaces V,W C VpS, respectively. Therefore a neigh- 
bourhood oip'm H is contained in eyi\ip{TpS ®V) . Since H is three-dimensional we 
see that is a smooth submanifold in a neighbourhood of S. By Proposition 13.41 
it follows that 7J is a smooth submanifold globally. 

As the distance function dn is regular on M \ (_F U H) one can now define a 
gradient-like vector field on M \ (F U H) which is radial near F and iJ , and by this 
a diffeomorphism M = D{F) Ug D{H) (cf. f8]). 

Case 2. Assume now that F is the only fixed point set component and non-isolated 
exceptional orbits occur. As in case 1, set H := C, wich is a fixed point com- 
ponent of some "Lk C S^ and hence a closed submanifold. Similarly, we see that 
M = D{F) Ub D{H). 

Case 3. Assume that F is the only fixed point set component and if exceptional 
orbits occur, then they are isolated. 

Case 3.1. Suppose that dC* — 0. Because of simple-connectivity we have, up to 
homeomorphism, C* = {p* } or C* = S^, for some point p* e M* . In both cases 
we define H ~ C and conclude that M = D{F) D{H) as above. 
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Case 3.2. Suppse that dC* ^ 0. In this case C* is homeomorphic to a 2-disc or 
to a closed interval. We analyze each case separately. 

Case 3.2.1. C* is homeomorphic to a 2-disc. 
Let 

CI := {x* €E C* : x* is at maximal distance from 9C*}, 

so that C* is the next step of the soul construction. This yields a closed interval or 
a point. If there is an isolated singularity p* in C* we have either CI = {p*} or p* 
is a boundary point of C^ . 

Case 3.2.1.1: Assume that CI is a point p* . In this case the distance function 
dp. is regular on M* \ {F* U {p* }) so we may define H := tt^^{p*) — Gp. 

Case 3.2.1.2: Assume that CJ" is a closed interval with corresponding isotropy 
groups 

We then get {k,l} C {1,2}. If we have fc = / = 2, we set = n~^{Cl) and are 
done. If the isotropy at one of the endpoints of Cj* corresponds to 1, the distance 
function from the second endpoint, say p* , is regular outside {F* U {p* }). Thus 
we define H as 'K~'^{{p* }) = Gp and are again done. 

Case 3.2.2. C* is homeomorphic to a closed interval. Here we proceed as in case 
3.2.1.2. 

Because of the restrictions to the possible dimensions of singular components we 
now have covered all possible singularity configurations. Next we show that the 
case dimiJ = 2 cannot occur and that H is oricntable, which is nontrivial in case 
dimH = 3. 

Let dimiJ = 2. Since H has codimension 3 in M we may excise H without 
changing the fundamental group of M (cf. Lemma [3. 3p . Thus we get 

= 7ri(M \ H) = ^i{{D{F) Ue D{H)) \ H) = n^{F). 

Since F is nonnegatively curved, = §^ by Hamilton's work [M]. Recall that E = 
dD{F). The exact sequence of homotopy groups for the fiber bundle E ^ F 

then gives 'Ki{E) = Z. On the other hand E is an S^-bundle over H, so from 
the fiber bundle §^ ^ E ^ H we see that t^i{H) = Z. Since H is compact and 
2-dimensional this gives a contradiction as there exists no compact 2-manifold with 
fundamental group Z. Alternatively one can easily see from the construction of H 
that in the case dimiJ = 2 we get = K^, the Klein bottle, which has different 
fundamental group. 

It remains to show that H is orientable for dimiJ = 3. Observe that if H is 
fixed by some finite (nontrivial) subgroup of S^, then H is orientable. Hence we may 
assume for simplicity that acts effectively on H. We proceed by contradiction 
and assume that H is non-orientable. Let H be the total space of the orientable 
double cover k : H H. Recall that H is connected. Consider the effective S^- 
action on the pull-back bundle k*{vH) covering the given action on vH (cf. [3]). 
Let q & H C K*{vH) with K{q) = q and = {e}. Since S^g defines an orientation 
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preserving loop in H we see that K|siq is injective. So, if T denotes the group of 
deck transformations of k*{vH), it follows that FflS^ equals the identity. From [3l 
Theorem 9.1, Ch. 1] we see that the projection 

k : K*{vH) vH 

is an equivariant double covering map. This yields a double cover 

K*{v^H) xgi D"^ v^H xgi D{F). 

So one can construct a double covering map 

{k*{v'^^H)) U {k*{v^H) Xgi D"^) ^ {v'^^H) U {v^H Xgi D"^) = M\ 

Since M is simply connected the total space cannot be connected, wich is a contra- 
diction. This concludes the proof of the proposition. □ 

Now we are able to compute H2{M^,Z), thus concluding the proof of the Main 
Theorem. 

Proposition 3.6. Let M be a closed, simply connected nonnegatively curved 5- 
manifold with a fixed point homogenous S^-action. Then H2{M,'L) =0 or Z. 

Proof. Recall that E := dD{F). In the case when dimiJ = 1, we see that F = 
and Hi{E,Z) = tti{E) — Z as above. Since H is compact we have H ^S^. From 
the Mayer Vietoris sequence we get the exact sequence 

> ^ H2{M, Z) Z Z ^ 

and conclude that H2{M,'Z) = 0. 

Suppose now that dim_ff = 3. First note that since H and M are orientable it 
is possible to define a second S^ -action on the normal bundle vH of H by rotating 
the fibers. We will denote this second circle acting on lyH by S2. This action 
commutes with the initial fixed point homogeneous S^-action given on M, which 
we shall denote by S}. In this way we get an action of T^ = S} © S2 on lyH, 
and thus on D{H) via the exponential map. We can extend this action to D{F) 
and M in the following way. The boundary of D[H) is invariant under the Tr- 
action and diffeomorphic to i? = dD{F), via the gluing map of the decomposition 
M = D{F) Ue D{H), so we can pull back the action to E. Note that we have 
D{F) = E Xgi D"^ and D{H) = E x^i , where Sj acts on the unit disc from 
the right via rotation. 

Now we can extend the action defined on _E to £' Xgi by 

(0i,(?2)-[p,«]i:= [{91,02) ■p,v]i 

ioT p e E,v e L>2 aj^j {61,62) e T2 = S} © S^. Thus we get a T^-action on 
{E Xgi D^) U {E Xgi D^) = M. By the Hurewicz theorem we have H2{M,Z) = 
TT2{M), so we need to calculate the latter group. 

Let S} and S2 act freely from the right on S'^ and consider the induced free action 
of T^ = S} ffi S2 on S'^ X S"^. In order to calculate tt2{M) it is convenient to consider 

AI ^{E xS^ X §3) xgi D^U{E xS^ X S^) Xgi 

together with the T^-action 

t ■ [{P, X, y),v]^ := [{t ■ p, {x, y) ■ t^^),v]^. 
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for i e {1,2}, t e T^,p e E,{x,y) e X §^ and v e D'^. Then we have a fibration 
S'^ X S"^ — ^ Af — > M coming from the projection [(p,x,y),v]i i~> [p,v]i and we see 
that 7r2(M) = 7r2(M), which we wiU calculate as follows. 

Observe first that acts freely on _B x §^ x S'^ and we have a fibration ^■ 
M — > i? Xx2 S'' X S'^ coming from the map [{p, x, y),v]i n- [p, {x, y)]. Now we show 
that the fiber is diffeomorphic to a 3-sphere. 

Let q = [pq, {xq, yo)] G E S'^ X . The fiber over q is given by 

{m,02)-po,xo-9Y\yo-9^\v], : {01,62) e T^,v e D^,i e {1,2}}, 

which is clearly invariant under the T^ action on M. A point in [{p,x,y),v]i G M 
has nontrivial isotropy if and only if w = and for points = [(po, a^o, 2/o), 0]i, 
i = 1, 2, we have T^^ = © and T|^ = © S^. It follows that TV^/S} is a smooth 
2-manifold with a circle as boundary admitting a smooth S2 action fixing a unique 
point. Hence /S\ is a 2-disc whose boundary and interior points correspond to 
fixed points and principal orbits respectively. It follows from the the classification 
of smooth 3-manifolds with a smooth circle action [20l [17] that is diffeomorphic 
to §3 (cf. also [IJL,). 

Therefore we have Tri{N^) = 7r2(iV'^) = and from the exact sequence for the 
fibration N"^ M — > Xx2 S" x §" we get an isomorphism 

TT2{M) = TT2{E Xt2 X S^). 

So we have to show that the last group is either isomorphic to Z or 0. 

Since M is simply connected 'ni{E x^s §^ x S'^) — and we get the following 
three exact sequences: 

(3.1) 

-> TT2{E X X ^ TT2{E Xt2 X S^) ^ 7ri(T2) 4 7ri(£; x §^ x E>^) 0, 
(3.2) ^ 7r2(S) ^ 7r2(F) ^ 7ri(S}) ^ 7ri(F) ^ 7ri(F) -> 0, 

^ 7r2(£;) ^ 7r2(i?) ^ 7ri(S^) ^ 7ri(£;) ^ 7ri(iJ) ^ 0. 

Let 

fc = ii © i2 : 7ri(S}) © 7ri(S2) — > ME). 

Then k is surjective, since j is surjective and kcrfc = kerj. From the surjection 

^1(^2) '^ii-^)/ ini(*i) — ^i(-P') it follows that tti{F) is cyclic, so we distinguish 
two cases. 

Case 1: tti{F) = Z„ for some n. Since F has nonnegative curvature, by the work of 
Hamilton we know that F is diffeomorphic to a spaceform /Zn- Thus 7r2(F) = 0. 
Concluding tt2{E) — yields an isomorphism 

n2iE Xt2 X S^) ^ kcr(j). 

Furthermore ii is injective, yielding that ker k ^ ker j is either or isomorphic to Z. 

Case 2: tti{F) = Z. Consider the universal cover F of F. Since F has nonnegative 
curvature it follows from the splitting theorem that F is diffeomorphic to R x §^ 
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SO we see that ■K2{F) = Z. From p.2|) we get 

^ t:2{E) Z Z ^ t:i{E) ^ Z ^ 0. 

2.1. Let I = 0. Hence we have Tr2{E) = Z and 7ri(£')/ii(Z) = Z, where ii is 
injective. From the surjectivity of k we then see that Tri{E) = Z-^. Thus p.ip gives 

^ Z ^ 7r2(£; X ^ Z^ 4 Z^ ^ 0. 

By exactness, tt2{E S"^ x S"^) = Z since j must be surjective and hence an 
isomorphism. 

^.^.Assume I is injective, so we have Tr2{E) — and tt2{E Xrp2 S"^ x S'^) ^ kerj. 

2.2.1. HI is surjective we have ii = and it foUows that ni{E) = Z and 
ker j = ker fc = Z. 

2.2.2. If I is not surjective we get kerzi = aZ C Z for some a > 2. Hence 
TTi{E) has torsion and we conclude that tti{E) = Z © Z^. Again we see that 
ker J = ker k = kerii = Z. 

□ 

Having calculated the second integral homology group of the Main The- 
orem follows from the Barden-Smale classification of closed, simply-connected 5- 
manifolds [UI23]! as stated in the introduction. 
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